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Abstract
There is chiral like symmetry for 4-component massless fermion in (2+1)-dimensional gauge
theory.Since QED3 with Chern-Simons term contains vortex solution for vector potential,one
may expect vortex driven phase transition as Kosterlitz-Thouless type where chiral condensate
is washed away at zero temperature.To study this possibility,we evaluate the fermion propaga-
tor by Dyson-Schwinger equation numerically and spectral function analytically in the Landau
gauge.For quenched case we adopt Ball-Chiu vertex to keep gauge invariance of the results.The
critical value of topological mass,above which chiral condensate washed away, turned out to be
O(10−2)e2 at least for weak coupling in both cases.
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I. INTRODUCTION
Dynamical effects caused by Chern-Simons terms have been known in various places.For
examples it is well-known to explain the quantum Hall effects,so called statistics
transmutation[1].On the other hand vortex has an important role to wash away long-range
order in XY model or condensate of (2+1)-dimensional model for superfluid helium film
[2],[3].These are known as Kosterlitz-Thouless transition. However its detailed dynamics
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have not been known.It is an interesting problem to study the dynamics of the above phase
transition.In this sense QED3 with Chern-Simons term gives us an example to show an dy-
namical effects of vortex on chiral condensate. QED3 with Chern-Simons term has a vortex
solution for vector potential by solving Maxwell equation with charged particle [4]. There-
fore the situation is similar to the isolated vortex inside superfluid at high temperature.We
can examine the phase transition by solving Dyson-Schwinger equation for the fermion self-
energy for chiral condensate and its destruction by vortices.In this model Chern-Simons term
is absorbed to parity odd part of the gauge boson propagator and gauge boson acquires a
mass.Pure QED part of gauge boson contributes to the condensation of ee,while the lat-
ter may wash away the condensate at zero temperature.These are the main goals of our
analysises.In 4-dimensional representation of spinor we have chiral symmetry for massless
fermion.If it breaks dynamically we have two kinds of mass as chiral symmetry breaking and
parity violation.For infinitesimal value of the topological mass it has been pointed out by
K.I.Kondo and P.Maris that chiral symmetry restores and parity violating phase remains
within 1/N expansion and nonlocal gauge of Dyson-Schwinger equation [5],[6],[7].Here we
consider weak coupling and gauge covariant approximation which satisfy Ward-Takahashi
relation at first.After that we examine the 1/N expansion in the Landau gauge.In the final
section we evaluate the spectral function of the fermion propagator [8],[9] .This method is
helpful to determine the infrared behaviour or one particle singularity of the propagator in
the existence of massless boson as photon,which has been known in QED3+1.Since QED2+1
is super renormalizable we get a short distance behaviour of the fermion propagator too.As
a result we show the effect of vortex on the lowest order spectral function of parity even
scalar part of the propagator.So that we find the critical value of topological mass above
which chiral condensate is washed away. Fortunately this value coincides with that obtained
by numerical analysis of Dyson-Schwinger equations.
II. TOPOLOGICALLY MASSIVE QED
The Lagrangian density of Topologically Massive QED3 is written[4].
L = ψ(iγ · (∂ − ieA)−m)ψ − 1
4
FµνF
µν − µ
4
ǫµνρFµνAρ − 1
2η
(∂ · A)2. (1)
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This system is characterized by equations of motion
(iγ · (∂ − ieA)−m)ψ(x) = 0, (2)
∂µF
µv +
µ
2
ǫναβFαβ = J
ν . (3)
Under the gauge transformation
ψ → eiΩψ, (4)
Aµ → Aµ + 1
e
∂µΩ, (5)
Lagrangian is invariant but the gauge fixing term changes by a total derivative
Lg → Lg + ∂α( µ
4e
ǫαµνFµνΩ). (6)
However action
∫
d3xL(x) is gauge invariant.It is easily seen by partial integration.
A. vortex solution
There exists a vortex solution of vector potential in Topologically Massive QED3 [4].It
has been known by solving equation of motion at large |x|
∂µF
µν + µǫναβFαβ = J
ν . (7)
We separate the above equation into time and space components
▽ · E− µB = ρ, (8)
ǫij∂jB−∂E
i
∂t
+µǫijEj = J i, (9)
where B= −1/2ǫijFij = ǫij∂iAj, Ei = F i0. Using dual field strength
∗F µ =
1
2
ǫµαβFαβ, (10)
F µν = ǫµνα ∗Fα, (11)
relativistic wave equation for electric and magnetic fields are derived and its solution is
given.Here we review that part shortly.Equation of motion in dual field strength is written
∂µǫ
µνγ∗Fγ + µ∗F ν = Jν . (12)
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Multiply −ǫαβν and taking trace we obtain
∂µ(g
µ
αg
γ
β − gµβgγα)∗Fγ −
µ
2
ǫαβνǫ
νabFab = −ǫαβνJν , (13)
and
∂∗αFβ − ∂∗βFα − µFαβ = −ǫαβνJν . (14)
Taking divergence of the above equation, when the current is conserved ∂∗αFα = 0,we have

∗Fβ − µ∂αFαβ = −ǫαβν∂αJν . (15)
Using equation of motion
∂αFαβ = −µ
2
ǫβγδF
γδ + Jβ
= −µ
2
ǫβγδǫ
γδα∗Fα + Jβ
= −µ
2
2δα∗β Fα + Jβ
= −µ∗Fβ + Jβ, (16)
twice,we get

∗Fβ = µ∂αFαβ − ǫαβν∂αJν
= µ(−µ∗Fβ + Jβ)− ǫαβν∂αJν , (17)
(+ µ2)∗Fµ = µ(gµν − ǫµαν
µ
∂α)Jν . (18)
Solution of dual field strength is given
∗Fµ =
µJµ − ǫµνα∂νJα
+ µ2
, (19)
where
(+ µ2)∆(x) = −iδ3(x), (20)
∆(x) =
−i
+ µ2
δ3(x),
=
∫
d3k
(2π)3i
e−ik·x
µ2 − k2 + iǫ =
e−µ
√
r2−t2
4πi
√
r2 − t2 + iǫ . (21)
In position space we have the solution of wave equation with source J(y)
∗Fµ(x) =
∫
d3y∆(x− y)(µJµ(y)− ǫµαν∂yαJν(y)) (22)
=
∫
d3y(∆(x− y)µgµν + ǫµαν(∂yα∆(x− y))Jν(y). (23)
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Here we neglect the homogeneous solution.We have shown here that both electric and mag-
netic fields are massive and short range which decreases exponentially exp(−µr)/4πr.Let us
return to the equation of motion.Surface integral of first equation at large radius yields
∫
▽ ·EdS=
∫
Endr = 2πREn, (24)
2πREn − µ
∫
BdS=
∫
ρdS=Q. (25)
Radial component of electric field En(R) decrease as exp(−µR)/4πR for large R.We can
safely neglect the first term at spatial infinity.The − ∫ drB ,is time-independent which follows
from conservation of ∗F µ, and proportional to total charge.Static solution of the vector
potential is given for classical field
−µ
∫
S
(∇×A) · dS=
∫
dSj0(r) = Q, (26)
−µ
∮
A · dl= −µ
∮
∇θ · dl = −2πµθ = Q, (27)
A(x)|x|→∞ → −Q
2πµ
∇ arctan(y
x
). (28)
That is even though magnetic field is short range, magnetic potential is long
range.Therefore we find that if QED action contains Chern-Simons term and charged par-
ticle,we have a vortex solution for vector potential as an Aharonov-Bohm effect.The above
vortex solution with quantization of µ is well known in quantum Hall systems which explains
quantization of Hall conductance and the possibility of statistics transmutaion.Hereafter we
will examine possibility of wash away condensate of chiral order parameter in QED2+1 with
massless four component fermion by the existence of vortex.
B. Chiral symmetry and Ward-Takahashi relation
Here we consider the dynamical effects as mass generation in the presence of Chern-
Simons term. If the fermion is massless m = 0,L has U(2) symmetry generated
by {I, γ3, γ5, τ} , {γµ, γν} = 2gµν for µ, ν = (0, 1, 2), γ0 =

 σ3 0
0 −σ3

 , γ1,2 =
−i

 σ1,2 0
0 −σ1,2

 , γ3 =

 0 I
I 0

 , γ5 =

 0 −iI
iI 0

 , τ = −i[γ3, γ5]/2 =

 I 0
0 −I

 .γ3
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and γ5 act as chiral transformation
ψ(x)→ eiγ3θ3ψ(x),
ψ(x)→ eiγ5θ5ψ(x). (29)
Scalar density is mixed by above transformation
ψ(x)ψ(x)→ cos(2θ3,5)ψ(x)ψ(x) + i sin(2θ3,5)ψ(x)γ3,5ψ(x),
ψ(x)τψ(x)→ ψ(x)τψ(x). (30)
Dynamical mass generation breaks U(2) symmetry down to U(1)I×U(1)τ which is generated
by {I, τ} ,[10].There exists discrete parity transformation.
Pψ(t, x, y)P−1 → iγ1γ3ψ(t,−x, y). (31)
Parity even and odd mass are transformed
PmeψψP
−1 → meψψ, (32)
PmoψτψP
−1 → −moψτψ. (33)
Both of these mass terms are invariant under U(1)I × U(1)τ transformation.
ψ(x)→ eiθψ(x),
ψ(x)→ eiτθτψ(x). (34)
We find the eigenvalue of the free particle Hamiltonian
H = γ0(γipi +meI +moτ) (35)
as E2 = p2 +m2±, m± = me ±mo,where i = 1, 2, I is a 4× 4 unit matrix and τ is a operator
defined above.Two kinds of mass are written by
meI +moτ =

m+ 0
0 m−

 =

me +mo 0
0 me −mo

 . (36)
So that we may split 4-component spinor into upper and lower components by projection
operator
ψ± = χ±ψ = χ±

 ψ+
ψ−

 , χ± = 1± τ2 , χ+ =

 1 0
0 0

 , χ− =

 0 0
0 1

 . (37)
107
From the Lagrangian
L = ψ+(iγ · ∂ −m+)ψ+ + ψ−(iγ · ∂ −m−)ψ− (38)
we have the free propagator
S0(p) = −γ · p+m+
p2 −m2+
χ+ −
γ · p +m−
p2 −m2−
χ−. (39)
Since Chern-Simons term induces parity odd fermion mass,it is convenient to introduce
parity odd mass from the beginnings and choose the basis of the eigenvalue of the Hamilto-
nian.Chiral representation is enough for this purposes.In our 4-component spinor represen-
tation parity violating mass ψτψ is a pseudo scalar and current J3,5µ = ψγ3,5γµψ transform
as an vector,which mix each other under parity and charge conjugation transformation with
arbitrary phase.Starting from Dirac equation
(γ · ∂ +m0)ψ = ieγ · Aψ, ψ(γ · ←−∂ −m0) = −ieψγ · A, (40)
combination of above two equation,we obtain
∂λJ
3,5
λ = 2m0J
3,5 = D, (41)
where
J3,5λ = ψγ3,5γλψ, J
3,5 = ψγ3,5ψ. (42)
A more general proof by Ward-Takahashi-relation of the vector current,
∂xµT (J3,5µ(x)ψ(y)ψ(z)) = D + δ
(3)(x− y)δψ(y)ψ(z) + δ(3)(x− z)ψ(y)δψ(z)
= D + γ3,5SF (x− z)δ(3)(x− y) + δ(3)(x− z)SF (y − z)γ3,5 (43)
by operator of symmetry transformation,
δ(x0 − y0)[J3,50(x), ψ(y)] = δψ(y)δ(3)(x− y) = γ3,5ψ(y)δ(3)(x− y), (44)
δ(x0 − y0)[J3,50(x), ψ(y)] = δψ(y)δ(3)(x− y) = ψ(y)γ3,5δ(3)(x− y). (45)
In terms of the vertex function it is written
(p− q)µΓ3,5µ(p, q) = 2m0Γ3,5(p, q) + γ3,5S−1F (q) + S−1F (p)γ3,5. (46)
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Γ3,5µ(p, q) =
∫
d3xd3yei(p·y−q·x)
〈
TJ3,5µ(0)ψ(y)ψ(x)
〉
T
,
Γ3,5(p, q) =
∫
d3xd3yei(p·y−q·x)
〈
TJ3,5(0)ψ(y)ψ(x)
〉
T
,
where the subscript T means truncation of the fermion propagator.For the proof of Ward-
Takahashi relation in terms of integral equation for Γ3,5,Γ3µ,5µ see [11].For vanishing bare
mass m0,current conservation is spontaneously broken by parity even mass generation
lim
p→q
(p− q)µΓ3,5µ(p, q) = {γ3,5, S−1F (p)} 6= 0. (47)
In other form it is well known
∂xµT (J5µ(x)ψ(y)γ5ψ(y)) = −2ψ(x)ψ(x). (48)
Taking vacuum expectation value of both sides of equation,non-vanishing of the r.h.s indi-
cates the existence of massless scalar NG boson,in the vertex Γ3,5µ(p, q),of the form
ifπ(p− q)µXπ(P = 0, p− q)
(p− q)2 , (49)
where Xπ is a Bethe-Salpeter amplitude for total momentum P = 0.It is equal to scalar
part of propagator by Ward-Takahashi relation. If the right hand side is finite and we
have two order parameter
〈
ψψ
〉
,
〈
ψτψ
〉
of chiral symmetry breaking and parity violation.
Dyson-Schwinger equation is familiar to obtain non-perturbative propagator and dynamical
mass.Therefore we set up the Dyson-Schwinger equation for the electron propagator in this
representation.
III. DYSON-SCHWINGER EQUATION
A. quenched case
Propagator of fermion and gauge boson are given
S(p) =
i
A(p)γ · p− B(p) → i
(γ · pA+(p) +B+(p))
p2A2+(p)− B2+(p)
χ+ + i
(γ · pA−(p) +B−(p))
p2A2−(p)− B2−(p)
χ−, (50)
Dµν(k) =
1
i
[
gµν − kµkν/(k2 + iǫ)− iµǫµνρkρ/(k2 + iǫ)
k2 − µ2 + iǫ + ξ
kµkν
(k2 + iǫ)2
]. (51)
The quenched Schwinger-Dyson equation for the self-energy Σ(p) is written
− iΣ(p) = (−ie)2
∫
d3q
(2π)3
γµS(q)Γν(p, q)Dµν(k), (52)
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where k = q − p.In this normalization Σ is real in the region p2 < 0.We separate the vector
and scalar part of the propagator by taking the trace of Σ.Trace formulae for (4 × 4) γ
matrices are reduced to (2× 2) ones with projection operator χ±
tr(χ±) = 2, (53)
tr(γγγνχ±) = 2gµν , (54)
tr(γµγνγρχ±) = ∓2iǫµνρ. (55)
In Chiral representation parity violating mass and vector part are different sign for up and
down component.We have the coupled integral equation for A±(p) and B±(p) in the Landau
gauge by taking trace
i(S−1 − S−10 ) = ((A(p)− 1)γ · p−B(p)) = iΣ(p), (56)
2(A(p)− 1)p2 = tr(iγ · pΣ(p)),−2B(p) = tr(iΣ(p)). (57)
To keep gauge invariance of the action we adopt the gauge covariant approximation by
introducing Ball-Chiu vertex ansatz for longitudinal part[9].
ΓBCµ (p, q) = Γ
T
µ (p, q) +
A(p) + A(q)
2
γµ +
A(p)−A(q)
2(p2 − q2) γ · (p+ q)(p+ q)µ
− B(p)− B(q)
p2 − q2 (p+ q)µ, (58)
(p− q)µΓBCµ (p, q) = i(S−1(q)− S−1(p))
= A(p)γ · p− B(p)− (A(q)γ · q − B(q)). (59)
In this case the Dyson-Schwinger equations are following equations in the Landau gauge
B(p)± =
e2
4π2
∫
d3q
q2A(q)2± +B(q)2±(k2 + µ2)
[(A(p)±+A(q)±)(B(q)±∓µA(q)±(1
2
− p
2 − q2
2k2
))
+ {∆A±(B(q)± ∓ µ
2
A(q)±)−∆B±A(q)±}((p2 + q2)− k
2
2
− (p
2 − q2)2
2k2
)], (60)
A(p)± = 1 +
e2
4π2p2
∫
d3q
q2A(q)2± +B(q)2±(k2 + µ2)
[((A(p)± + A(q)±)(±µB(q)±(1
2
+
p2 − q2
2k2
)
+ A(q)±(
(p2 − q2)2
4k2
− k
2
4
)) + {∆A±(±µ
2
B(q)± −A(q)± (p
2 + q2)
2
)
−∆B±(∓µA(q)± +B(q)±)}((p2 + q2)− k
2
2
− (p
2 − q2)2
2k2
)] (61)
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FIG. 1: chiral order parameter
〈
ψψ
〉
for bare vertex with µ = 10−2.3+0.1ne2, n = 0..7.
where k = q − p ,
∆A =
A(p)− A(q)
p2 − q2 ,∆B =
B(p)−B(q)
p2 − q2 . (62)
Angular integral formulae are given in Appendices A.
For bare vertex we set Γµ(p, q) = γµ. Recently we obtained the numerical solutions with
this approximation[6],[7].It is said that the vortex destroys condensate in condensed matter
physics.At bare vertex or inclusion the BC vertex we find µcr ≃ 0.01e2 which is the same
order of magnitude with Raya et.al[6] in FIG.1.Simple vertex correction as γµ → A(p)γµ
yields µcr = 8 · 10−3e2.
Numerically some instability arise from ∆BB(q) term in A equation.This term is mass
changing and compete the reduction of mass by parity violating mass term.In pure QED
this term is sensitive for low momentum and infrared cut-off of momentum integration.
The effects on vacuum expectation value is relatively large.If we demand that the mass B
vanishes at the transition point and neglect this term,we find the clear transition as the bare
vertex case with the same critical point.We can determine it by introducing renormalization
of the topological mass as
µR = µ+
e2
2π
θ(µ− µcr), (63)
where µcr is determined self-consistently in FIG.2.By this analysis critical point µcr in the
bare vertex case turned to be the true one. Renormalization of topological mass is shown
in Appendix.At least for low energy we can safely neglect B∆B terms and find clear phase
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FIG. 2: chiral order parameter
〈
ψψ
〉
for µ = (10−2.3+0.1n + θ(n− 3)/2pi)e2 with BC vertex
FIG. 3: parity violating order parameter
〈
ψτψ
〉
for µ = (10−2.3+0.1n + θ(n − 3)/2pi)e2 with BC
vertex.
transition.In FIG.3 we see the parity violating order parameter
〈
ψτψ
〉
as a function of
topological mass.Near the critical point µcr,
〈
ψτψ
〉
is lower than
〈
ψψ
〉
which is shown in
Fig.4 and first order phase transition occurs.
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FIG. 4: Parity even and odd order parameter
〈
ψψ
〉
,
〈
ψτψ
〉
for µ = (10−2.3+0.1n + θ(n− 3)/2pi)e2
with BC vertex.
FIG. 5:
〈
ψψ
〉
for bare vertex with one massless flavour loop correction.µ = (.008+ .0005·(n−1))e2 .
B. effects of vacuum polarization
Using free vector propagator,
D0µν(p) =
−i(gµν − pµpν/p2 − iµǫµναpα/p2)
p2 − µ2 + iǫ − iξpµpν/p
4, (64)
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FIG. 6:
〈
ψψ
〉
for bare vertex with two massless flavour loop correction with µ = (.005 + .0005 ·
(n− 1))e2.
we shall calculate one-loop corrections to the vector propagator
(D ′−1)µν = (D−10 )µν − iΠµν , (65)
and set up the Dyson-Schwinger equation with bare vertex
S−1 = S−10 + iΣ ,
Σ (p) = −ie2
∫
d3k
(2π)3
γµS(p+ k)γνD
′
µν(k). (66)
One-loop vacuum polarization is evaluated for fermion mass me 6= 0, mo = 0 with Pauli-
Villars or dimensional reguralization to remove gauge nonivariant cut-off dependent term
and Parity-odd Chern-Simons term is not induced here.See appendix and [4] .
Πµν(k) ≡ ie2N
∫
d3pTr(γµ
1
γ · p−mγν
1
γ · (p− k)−m)
= −e2NTµν
8π
[(
√
k2 +
4m2√
k2
) ln(
2m+
√
k2
2m−
√
k2
)− 4m], (67)
Tµν = (gµν − kµkν
k2
), d3p =
d3p
(2π)3
, (68)
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Polarization function Π(k) is
Π(k) =
−e2
8π
N [(
√
k2 +
4m2√
k2
) ln(
2m+
√
k2
2m−
√
k2
)− 4m],
=
−e2
8
N
√
−k2(k2 > 0, m = 0),
=
−e2N
6πm
k2 +O(k4)(k2/m≪ 1). (69)
For m = 0 case
Πµν(k) = −e
2N
8
(gµν − kµkν
k2
)
√
−k2, (70)
gives a non-perturbative correction to the vector propagator for low energy in the chiral
symmetric phase.From the relation
(D−1)µνDνρ = gµρ, (71)
we have the inverse of the bare photon propagator
(D−1)µν = i(p2gµν − pµpν + iµǫµναpα) + ipµpν
ξ
. (72)
Adding the vacuum polarization of massless loop
(D′−1)µν = i(p2gµν − pµpν + iµǫµναpα)− i(−e
2N
8
√
−p2)(gµν − pµpν
p2
) + i
pµpν
ξ
= i[(p2 +
e2N
8
√
−p2)(gµν − pµpν
p2
) + iµǫµναp
α] + i
pµpν
ξ
, (73)
we obtain the full propagator
D′µν = −i(p
2 − π(p2))(gµν − pµpν/p2)− iµǫµνρpρ
(p2 − π(p2))2 − µ2p2 − iξ
pµpν
p4
. (74)
In Euclid space it has the form
D′µν = −i
A(−p2)(δµν − pµpν/p2)− µǫµνρpρ
A(−p2)2 + µ2p2 − iξ
pµpν
p4
, (75)
where
A(−p2) = (p2 + e
2N
8
√
p2). (76)
Including vacuum polarization for photon the Dyson-Schwinger equation has the following
form
Σ(p2) = e2
∫
d3q
(2π)3
γµS(q)γνD
′
µν(k). (77)
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In Euclid space with ξ = 0 gauge ,we have
B±(p) =
e2
4π3
∫
d3q[
(k2 + π(k2))B±(q)
[A2±(q)q2 +B2±(q)](k2 + π(k2))2 + µ2k2)
∓ µA±(q)(q · k)
[A2±(q)q2 +B2±(q)](k2 + π(k2))2 + µ2k2)
], (78)
A±(p) = 1 +
e2
4π3p2
∫
d3q[
(k2 + π(k2))A±(q)(p · k)(q · k)
[A2±(q)q2 +B2±(q)](k2 + π(k2))2 + µ2k2)k2
∓ µB±(q)(p · k)
[A2±(q)q2 +B2±(q)](k2 + π(k2))2 + µ2k2)
]. (79)
Here we apply the Ball-Chiu vertex as in the quenched case.Kondo and Maris applied 1/N
approximation to solve the equation.However in the gauge covariant approximation which
satisfy Ward-Takahashi relation has been shown that chiral order parameter in quenched and
unquenched case are same at N = 1 for weak coupling for µ = 0 case.So we choose covariant
gauge and weak coupling.It is easy to take BC vertex and improve the Dyson-Schwinger
equation as in the quenched case.But we have not enough memories to run PC.So that we
only show the massless loop correction in the Landau gauge case. In this case critical value
µcr in unquenched case is approximately the same value for quenched case.For example we
find numerically µcr ∼ 0.01e2 for N = 1 and µcr ∼ 0.008e2 for N = 2.At the critical point
we find that me = mo, B+(p) = 0 and me vanishes above the critical point.This is the
destruction mechanism of superfluidity by vortex in our model. For N ≥ 2 case we have
very small values of order parameter for small topological mass.For large topological mass
order parameter changes its sign at some value of topological mass.There may be a strong
coupling phase for N ≥ 2.4 at least for small topological mass,where vacuum expectation
value
〈
ψψ
〉
vanishes.For these cases 1/N expansion may be a good way to study the phase
structure for strong coupling region in our model.A famous critical number of flavour which
was derived in the linearized Schwinger-Dyson equation has been know as Nc = 32/π
2 above
which the chiral symmetry is restored.The results of 1/N expansion and the phase structure
derived by KI.Kondo and P.Maris may be realized[5].
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IV. ANALYSIS BY SPECTRAL FUNCTION
A. definition of spectral function
In this section we would like to determine critical value of topological mass above which
chiral condensate is washed away theoretically.First we notice that the spectral function for
the propagator as one of the possibility citeOPS.In three dimension,absence of ultraviolet
divergences is important.If we know only infrared behaviour or the leading logarithm of
infrared divergence near the mass shell,it is possible to determine the whole region of the
propagator in position space by the anomalous dimension,which is supplied by lowest ordered
spectral function.By this method we find that only short distance behaviour of the propa-
gator is modified and we have a finite chiral condensate for pure QED2+1 [9].If we choose
soft-photon exponentiation to include all orders of soft-photon emission by electron,its spec-
tral function may be written as eF , where F is a model independent spectral function of the
lowest order in the coupling constant for pure QED2+1
ρ(x) = eF (µ|x|), (80)
SF (x) = S
0
F (x)ρ(x). (81)
Here we consider the fermion spectral function.The vacuum expectation value of the anti-
commutator has the form [13]
iS ′(x, y) =
〈
0|{ψ(x), ψ(y)}|0〉
=
∑
n
[〈0|ψ(0)|n〉 〈n|ψ(0)|0〉 e−ipn·(x−y) + 〈0|ψ(0)|n〉 〈n|ψ(0)|0〉 eipn·(x−y)]. (82)
We introduce the spectral amplitude by grouping together in the sum over n all states of
given three-momentum q
ραβ(q) = (2π)
2
∑
n
δ(3)(pn − q) 〈0|ψα(0)|n〉
〈
n|ψβ(0)|0
〉
(83)
and set out to construct its general form from invariance arguments.ρ(q) is a 4 × 4 matrix
and may be expanded in terms of 16 linearly independent products of γ matrices.Under the
assumptions of Lorentz invariance and Parity transformation it reduces to the form
ρ(q)αβ = ρ1(q)γ · q + ρ2(q)δαβ. (84)
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Second term in (82) can be related directly to (83) with the aid of PCT invariance of the
vacuum [13],[14].Parity,Charge conjugation and Time reversal transformation are defined in
our representation of γ matrices
Pψ(t, x, y)P−1 = iγ1γ3ψ(t,−x, y), (85)
PA0(t, x, y)P−1 = A0(t,−x, y), (86)
PA1(t, x, y)P−1 = −A1(t,−x, y), (87)
PA2(t, x, y)P−1 = A2(t,−x, y), (88)
Pψ(t, x, y)γ1ψ(t, x, y)P−1 = −ψ(t,−x, y)γ1ψ(t,−x, y) (89)
Cψ(x)C−1 = Cγ0ψ∗ = Cψ
T
= ψc, (90)
C = γ2, C−1γµC = −γµT , (91)
CAµ(t, x, y)C−1 = −Aµ(t, x, y), (92)
Tψα(t, x, y)T
−1 = Tαβψβ(−t, x, y), T = −iγ2γ3, (93)
TA0(t, x, y)T−1 = A0(−t, x, y), (94)
TA1,2(t, x, y)T−1 = −A1,2(−t, x, y). (95)
Effects of PCT transformation on ψ(y)ψ(x) is
PCTψAα (t, x, y)T
−1C−1P−1 = −γ1γαψ
T
γ (−t,−x, y), (96)
PCTψ
B
β (t, x, y)T
−1C−1P−1 = −γ1λβψTλ (−t,−x, y), (97)
PCTψ
A
α (t
′, x′, y′)ψBβ (t, x, y)T
−1C−1P−1 = γ1αγψ
B
γ (−t,−x, y)ψ
A
λ (−t′,−x′, y′)γ1λβ. (98)
Inserting (98) along with (83) into (82) and using γ2T = −γ2,we obtain finally
iS ′αβ(x− y) =
∫
d3q
(2π)3
θ(q0)([γ · qρ1(q2) + ρ2(q2)]αβe−iq·(x−y)
+ {γ1[γ · qρ1(q2) + ρ2(q2)]γ1}αβeiq·(x
′−y′))
=
∫
d3q
(2π)2
θ(q0)[ρ1(q
2)iγ · ∂x + ρ2(q2)]αβ(e−iq·(x−y) − eiq·(x
′−y′))
=
∫
d3q
(2π)2
[θ(q0)γ · qρ1(q2) + ǫ(q0)ρ2(q2)]αβe−iq·(x−y), (99)
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where x′ = (−t,−x1, x2), (γ1)2 = −1.Since ρ vanishes for space-like q2,we may also write
this as an integral over mass spectrum by introducing
ρ(q2) =
∫ ∞
0
ρ(s)δ(q2 − s)ds. (100)
We find
iS ′(x− y) = −
∫
ds[iρ1(s)γ · ∂ + ρ2(s)]i∆(x− y;
√
s)
=
∫
ds{ρ1(s)iS(x− y;
√
s) + [
√
sρ1(s)− ρ2(s)]i∆(x− y;
√
s)} (101)
where invariant ∆ function is given
i∆′(x, y) ≡ 〈0|[φ(x), φ(y)]|0〉 (102)
=
∑
n
〈0|φ(0)|n〉 〈n|φ(0)|0〉 (e−iPn·(x−y) − eiPn·(x−y))
=
1
(2π)2
∫
d3qρ(q2)θ(q0)(e
−iq·(x−y) − eiq·(x−y)) (103)
=
1
(2π)2
∫ ∞
0
dsρ(s)
∫
d3qδ(q2 − s)ǫ(q0)e−iq·(x−y)
=
∫ ∞
0
dsρ(s)i∆(x− y,√s). (104)
The above spectral representation goes through unchanged for the vacuum expectation value
of the time-ordered product of Dirac field;it is necessary only to replace the iS and i∆
by the Feynman propagator SF and ∆F .If we know the matrix element 〈0|ψα(0)|n〉,we
can determine the spectral function ρ1and ρ2.Perturbative O(e
2) spectral function can be
obtained by the usual definition
ρ(2)(p2) =
∫
d3xe−ip·x
(2π)3
∫
d2r
(2π)2
eir·x
d2k
(2π)2
eik·x 〈0|ψ(0)|r, k〉 〈r, k|ψ(0)|0〉
=
∫
d3xe−ip·x
(2π)3
d2r
(2π)2
eir·x
d2k
(2π)2
eik·x
∑
λ,S
T1T1. (105)
In perturbation theory one photon emission matrix element is given
T1 = 〈0|ψ(0)|r, k〉 ≃
〈
0in|T [U(∞,−∞)ψin(0)]r; k in〉
= −i
〈
0in|T [ψin(0), e
∫
d3xψ
in
(x)γµψ
in(x)Ainµ (x)]|r; k in
〉
(106)
= −ie
∫
d3xS0F (0− x)γµ
〈
0|ψin(x)|r〉 〈0|Ainµ (x)|k〉
=
−ie
γ · (r + k)−m+ iǫγµǫ
µ
λ(k)US(r)
√
m
Er
1√
2k0
. (107)
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For the evaluation of ρ(p2),if we integrate x first,we obtain δ(3)(k + r − p) for energy-
momentum conservation.In our case first we integrate k.After that we exponentiate the
function F and integrate r in the non perturbative case.At that stage the results are po-
sition dependent.Finally we obtain the spectral function in position space ρ(x) for infinite
number of photon emission
ρ(x) =
∫
d2reir·x
(2π)2
×
∞∑
n=0
1
n!
(
∫
d2k
(2π)2
θ(k0)δ(k
2)eik·x
∑
λ
)nδ
(3)(p− r −
∞∑
i=1
ki)TnT n, (108)
where the notation f(k)0 = 1, f(k)n =
n∏
i=1
f(ki) is used and TnT n may be replaced to
(T1T 1)
n in our approximation.The polarization sum for gauge boson is given
∑
λ
ǫµλ(k)ǫ
ν
λ(k) = −[gµν − (1− ξ)
kµkν
k2
− iµǫµνρkρ
k2
]. (109)
Since we do not fix the numbers of photon n we sum up from n equals zero to infinity.The
function
F =
∫
d2k
(2π)2
∑
λ,S
T1T1e
ik·x, (110)
is a phase space integral of one photon intermediate state which may be exponentiated as
eF .We use the trace formula to get
∑
λ,S
T1T1 = γ · rA(r) +B(r). (111)
A(r) =
1
4m2
Tr(r · γ
∑
λ,S
T1T1),
B(r) =
1
4
Tr(
∑
λ,S
T1T1). (112)
To order e2 we have model independent spectral function for 4-component fermion
F (µ|x|) = −e2
∫
d3k
(2π)2
e−ik·xθ(k0)
γ · p +m
2m
[δ(k2−µ2)( m
2
(r · k)2+
1
r · k )−(ξ−1)
∂
∂k2
δ(k2−µ2)].
(113)
Hereafter we keep in mind the projection operator of positive energy (γ · p+m)/2m for the
propagator.From this form ρ2 = mρ1 in our approximation.To obtain the explicit form of
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the function F , we use parameter trick
lim
ǫ→0
∫ ∞
0
dαe−α(ǫ−ik·r) =
i
k · r , (114)
lim
ǫ→0
∫ ∞
0
αdαe−α(ǫ−ik·r) = − 1
(k · r)2 , (115)
combined with positive frequency part of the propagator with bare mass µ
D+(x) ≡
∫
d3k
i(2π)2
θ(k0)δ(k2 − µ2)eik·x
=
1
i(2π)2
∫ ∞
0
2πkdkJ0(k |x|)
2
√
k2 + µ2
=
e−µ|x|
4πi |x| , (116)
we obtain the function F symbolically as
F = ie2m2
∫ ∞
0
αdαD+(x+ αr)− e2
∫ ∞
0
dαD+(x+ αr)− ie2(ξ − 1) ∂
∂µ2
D+(x, µ2)
= ie2m2F1(x)− e2F2(x) + e2(ξ − 1)FL. (117)
We get each terms
F2 =
∫
d3k
(2π)2
θ(k0)δ(k2 − µ2)eik·x 1
r · k
= lim
ǫ→0
∫ ∞
0
dαe−α(ǫ−ik·r)
∫
d3k
i(2π)2
θ(k0)δ(k2 − µ2)eik·x
=
∫ ∞
0
dαD+(x+ αr) =
E1(µ|x|)
4πm
, (118)
F1 = −
∫
d3k
(2π)2
θ(k0)δ(k2 − µ2)eik·x 1
(r · k)2
= lim
ǫ→0
∫ ∞
0
αdαe−α(ǫ−ik·r)
d3k
(2π)2
θ(k0)δ(k2 − µ2)eik·x
=
∫ ∞
0
αdαD+(x+ αr) =
exp(−µ|x|)− µ|x|E1(µ|x|)
4πm2µi
, (119)
FL = −i ∂
∂µ2
e−µ|x|
4πi |x| = −
1
8πµ
∂
∂µ
(
e−µ|x|
|x| )
=
1
8π
exp(−µ|x|)
µ
, (120)
E1(z) =
∫ ∞
z
e−t
t
dt, (| arg z| < π) (121)
E1(µ|x|) ∼ −γ − ln(µ|x|), µ|x| ≪ 1, (122)
E1(µ|x|) ∼ exp(−µ|x|)
µ|x| (1−
1
µ|x| +
2
(µ|x|)2 )(µ|x| ≫ 1), (123)
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where r2 = m2. For short distance we have
F ≃ e
2
4πm
(γ + ln(µ|x|)) + (ξ + 1)e
2
8π
1
µ
. (124)
Above spectral function contains linear infrared divergent term proportional to 1/µ.This
term depends on the gauge parameter.So we choose ξ = −1 gauge to drop it.Other terms
are independent of ξ.In 4-dimension well-known infrared behaviour of charged particle is
reproduced in this way.In QED3 we have used this technique to determine a short-distance
behaviour of the propagator.In the long distance region propagator behaves as free one
for finite µ.If we set anomalous dimension which is a coefficient of ln(µ|x|) to be unity
e2/4πm = 1,we obtain the propagator at short distance as
SF (x) = −(iγ · ∂ +m)e
−m|x|(µ|x|)eγ
4π|x|
= −(iγ · ∂ +m)µe
γ
4π
e−m|x|, (125)
which shows condensation −iT r(SF (x)) = finite.In this case the trace means positive energy
part only.For massless gauge boson vacuum expectation value is infrared cut-off dependent.If
we set µ = m = e2/4π,we have
〈
ψψ
〉
= e4/32π2 which is very close to the numerical value by
solving Dyson-Schwinger equation in Euclid momentum space.In our topologically massive
QED,there are two order parameters
〈
ψψ
〉
,
〈
ψτψ
〉
that have non vanishing value for small
topological mass.
B. contribution of Chern-Simons term
Just above the critical point there exists only parity violating mass with non-vanishing
order parameter
〈
ψτψ
〉
.So that we may expect that the chiral symmetry breaking mass
vanishes and parity violating condensate remains at the critical point.We show this is the case
in evaluating the lowest order spectral function with Chern-Simons term.In the case of parity
violation,we may include parity violating part of the spectral function ρτ+ρµ(γµτ ).Since we
adopt the chiral representation of the propagator in solving the Dyson-Schwinger equation,we
will determined spectral functions in chiral representation too. Contribution of Chern-
Simons term for the spectral function in chiral representation is given in the Appendix B
F+CS = −e2
∫
d3k
(2π)2
eik·xθ(k0)τ [γ·r{(−1
µ
+
µ
m2
)
1
8r · k−
µ
8(r · k)2}+
µ
m
1
8r · k+
mµ
4(r · k)2 )]δ(k
2−µ2).
(126)
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After the integration we obtain the correction of wave function renormalization by Chern-
Simons term (1/r · k term) as F2
F+(µ|x|) = (−γ · r +m
2m
e2
8πm
+
γ · r
m
e2
32πµ
− e
2µ
32πm2
)E1(µ|x|), (127)
for S+.At short distance we take into account only E1(µ|x|) ∼ −γ − ln(µ|x|).If we exponen-
tiate F (µ|x|) as eF using (γ · r)2/m2 = 1,have
eAγ·r/m ln(µ|x|) = cosh(A ln(µ|x|)) + γ · r
m
sinh(A ln(µ|x|))
=
γ · r +m
2m
(µ|x|)A + m− γ · r
2m
(µ|x|)−A. (128)
Final form is written as
eF =
γ · r +m
2m
(µ|x|)A exp(γ + e
2µ
32πm2
ln(µ|x|)), A = e
2
8πm
− e
2
32πµ
,
for short distance.In chiral representation if A = 1,we have non vanishing condensation of〈
ψψ
〉
+
.Otherwise
〈
ψψ
〉
+
= 0.Below the critical value of the topological mass µ ≤ µcr there
are two kind of mass with different anomalous dimension.In that case we cannot separate
them in the chiral representation.However at the µ = µcr there is only parity odd mass and
and its condensate.So that we set wave function renormalization A = 0,other contribution
is only logarithmic.Therefore we set e2/8πm = 1 and have e2/32πµ = 1 for critical value
of µ.In this case we have only parity violating order parameter
〈
ψτψ
〉
above the critical
point.This is just the desirable form to give parity odd order parameter
〈
ψτψ
〉
.So that at
the critical point chiral order parameter vanishes and it undergoes into parity violating phase.
So we conclude that the critical value of the topological mass is µcr = e
2/32π ≃ .10−2e2
which is totally consistent with the value in our numerical analysis of Dyson-Schwinger
equation for quenched case.This transition is the same as Kosterlitz-Thouless type at finite
temperature where single vortex excitation destroys the superfluidity.So that the Topological
Massive QED3 is the same with QED3 with single vortex at zero temperature except for
small topological mass.In the statistical model,behaviour of the propagator near the critical
point is studied with renormalization group equation for vortex number (chemical potential)
and the inverse temperature[2,3]. In our model spectral function provide us anomalous
dimension and we can determine the ultraviolet behaviour and critical point in the existence
of topological mass.Fortunately our Dyson-Schwinger equation successfully determines the
structure of the propagator and dynamical mass near the critical region.
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V. SUMMARY
In this work we studied the dynamics of Kosterlitz-Thouless type transition in Topologi-
cally Massive Abelian Gauge Theory in three dimensional space-time.In this model equation
of motion contain vortex solution for the vector potential.We showed that there exists a
critical value of the topological mass above which chiral condensate is washed away for four
component fermion.This phenomenon turned out to be gauge invariant by the choice of BC
vertex in solving Dyson-Schwinger equation for fermion self-energy.In the analysis of spec-
tral function we showed it modify the short distance behaviour of the propagator in position
space.In that case anomalous dimension control the order parameter of chiral condensate in
the absence of topological mass.However if we add Chern-Simons term to the Lagrangian
parity odd part of the gauge boson propagator is destructive to parity even part. In this
way lowest order spectral function vanishes at the critical value of topological mass and
the chiral condensate is washed away. Our next step is to evaluate critical temperature by
solving Dyson-Schwinger equation or spectral function,temperature dependence of specific
heat and compare them with the experiment.
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VI. APPENDICES
A. angular integral
1. quenced case
I0(p, q) =
∫ 1
−1
d cos θ
k2 + µ2
=
−1
2pq
ln(
(p− q)2 + µ2
(p+ q)2 + µ2
), (129)
I1(p, q) =
∫ 1
−1
d cos θ
k2 + µ2
((p2 + q2)− k
2
2
− (p
2 − q2)2
2k2
), (130)
I2(p, q)± =
∫ 1
−1
d cos θ
k2 + µ2
(
1
2
± p
2 − q2
2k2
)
=
−1
4pq
ln(
(p− q)2 + µ2
(p+ q)2 + µ2
)± p
2 − q2
4µ2pq
ln(
1 + µ2/(p− q)2
1 + µ2/(p+ q)2
), (131)
I3(p, q) =
∫ 1
−1
d cos θ
k2 + µ2
(
(p2 − q2)2
4k2
− k
2
4
)
=
(p2 − q2)2
8µ2pq
ln(
1 + µ2/(p− q)2
1 + µ2/(p+ q)2
)− 1
2
− µ
2
8pq
ln(
(p− q)2 + µ2
(p+ q)2 + µ2
). (132)
After angular integral we have the following coupled integral equation
B(p)± =
e2
4π2
∫ ∞
0
dqq2
q2A(q)2± +B(q)
2
±
[(A(p)± + A(q)±)(B(q)±I0[p, q]∓ µA(q)±I2(p, q)−)
+ {∆A±(B(q)± ∓ µ
2
A(q)±)−∆B±A(q)±}I1(p, q)], (133)
A(p)± = 1 +
e2
4π2p2
∫ ∞
0
dqq2
q2A(q)2± +B(q)2±
[((A(p)± + A(q)±)(±µB(q)±I2(p, q)+ + A(q)±I3(p, q))
+ {∆A±(±µ
2
B(q)± − A(q)± (p
2 + q2)
2
)−∆B±(∓µA(q)± +B(q)±)}I1(p, q)]. (134)
2. unquenched case
For unquenched case, to evaluate angular integral we may use complex number to repre-
sent parity even and odd piece of the photon propagator
Re(
1
k2 + π(k2) + iµ
√
k2
) =
k2 + π(k2)
(k2 + π(k2))2 + µ2k2
, (135)
Im(
1
k2 + π(k2) + iµ
√
k2
) =
−µ
√
k2
(k2 + π(k2))2 + µ2k2
. (136)
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It has been known that the integral kernel is a logarithmic function as
K(p, q) ∝ ln( |p− q|+ c
p + q + c
) (137)
where c = e2N/8. So that the angular integral with finite topological mass µ may be a
analytic continuation from the case µ = 0 to µ 6= 0.
K(p, q) ∝ ln( |p− q|+ c + iµ
p+ q + c+ iµ
). (138)
For example
J0(p, q) =
∫ 1
−1
dt
(p2 + q2 − 2pqt) + (c + iµ)
√
p2 + q2 − 2pqt =
1
pq
ln(
p+ q + c+ iµ
|p− q|+ c+ iµ). (139)
The integration of the type
− µ
∫ 1
−1
d cos θ q · k
(k2 + ck)2 + µ2k2
= Im
∫ 1
−1
d cos θ q · (q − p)
((p− q)2 + (c+ iµ)√(p− q)2)√(p− q)2 , (140)
is rewritten
J2(p, q)− = −
∫ 1
−1
Im(
dt
(p2 + q2 − 2pqt) + (c+ iµ)
√
p2 + q2 − 2pqt)
(p2 − q2)− (p− q)2
2
√
p2 + q2 − pqt
=
−1
2pq
Im(p+ q − |p− q| − (c+ iµ) ln( p + q + c + iµ|p− q|+ c+ iµ))
− p
2 − q2
2pq
Im(
1
c+ iµ
ln(
(p+ q)(|p− q|+ c+ iµ)
|p− q|(p+ q + c+ iµ) ). (141)
In the same way
− µ
∫ 1
−1
d cos θ p · k
(k2 + ck)2 + µ2k2
= Im
∫ 1
−1
d cos θ p · (q − p)
((p− q)2 + (c+ iµ)√(p− q)2)√(p− q)2 , (142)
p · (q − p) = −(p2 − q2)/2− (p− q)2/2 leads
J2(p, q)+ = −
∫ 1
−1
Im(
dt
(p2 + q2 − 2pqt) + (c+ iµ)
√
p2 + q2 − 2pqt)
(p− q)2 + (p2 − q2)
2
√
p2 + q2 − pqt
=
−1
2pq
Im(p+ q − |p− q| − (c+ iµ) ln( p+ q + c+ iµ|p− q|+ c+ iµ))
+
p2 − q2
2pq
Im(
1
c+ iµ
ln(
(p+ q)(|p− q|+ c+ iµ)
|p− q|(p+ q + c+ iµ) ). (143)
Since
(p · k)(q · k)
k2
= −(p− q)
2
4
+
(p2 − q2)2
4(p− q)2
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J3(p, q) = Re
∫ 1
−1
d cos θ
(p− q)2 + (c+ iµ)√(p− q)2
(p · k)(q · k)
k2
= − 1
4pq
Re[2pq + (c+ iµ)(|p− q| − (p+ q)) + (c+ iµ)2 ln( p+ q + c+ iµ|p− q|+ c+ iµ)
−(p+ q)2|p− q|+ (p− q)2(p+ q)
(c+ iµ)
+
(p2 − q2)2
(c+ iµ)2
ln(
(p+ q)(|p− q|+ c + iµ)
|p− q|(p+ q + c + iµ) )].
(144)
The Dyson-Schwinger equations are rewritten as
B±(p) =
e2
2π2
∫
q2dq[
B±(q)J0(p, q)
[A2±(q)q2 +B2±(q)]
± A±(q)J2(p, q)−
[A2±(q)q2 +B2±(q)]
],
A±(p) = 1 +
e2
2π2p2
∫
q2dq[
A±(q)J3(p, q)
[A2±(q)q2 +B2±(q)]
± B±(q)J2(p, q)+
[A2±(q)q2 +B2±(q)]
]. (145)
B. evaluation of vacuum polarization
In a two-dimensional representation, the trace of products of four γ-matrices are:
tr(I2) = 2,
tr(γµ) = 0,
tr(γµγν) = 2gµν ,
tr(γµγνγρ) = −iǫµνρ,
tr(γµγνγργσ) = 2(gµνgρσ − gµρgνσ + gµσgνρ). (146)
Πµν(k) ≡ −e2
∫
d3p
(2π)3i
T r(γµ
1
γ · p−mγν
1
γ · (p− k)−m). (147)
Substituting the chiral representation of the propagator into Πµν(k)
S(p) =
i
γ · p−m+ iǫ → i(
γ · p+m+
p2 −m2+
)χ+ + i(
γ · p+m−
p2 −m2−
)χ−, (148)
Tr(γµ(
γ · p+m+
p2 −m2+
χ+ +
γ · p +m−
p2 −m2−
χ−)γν(
γ · (p− k) +m+
(p− k)2 −m2+
χ+ +
γ · (p− k) +m−
(p− k)2 −m2−
χ−))
= Tr(γµ
γ · p+m+
p2 −m2+
χ+γν
γ · (p− k) +m+
(p− k)2 −m2+
χ+) + Tr(γµ
γ · p+m−
p2 −m2−
χ−γν
γ · (p− k) +m−
(p− k)2 −m2−
χ−),
(149)
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Tr(γµ(γ · p+m+)χ+γν(γ · (p− k) +m+)χ+)
= 2(pµ(p− k)ν + pν(p− k)µ − gµν(p · (p− k)−m2+) + im+ǫµνρpρ − im+ǫµνρ(p− k)ρ).
(150)
Tr(γµ(γ · p+m−)χ−γν(γ · (p− k) +m−)χ−)
= 2(pµ(p− k)ν + pν(p− k)µ − gµν(p · (p− k)−m2−)− im−ǫµνρpρ + im−ǫµνρ(p− k)ρ).
(151)
Πµν(k) = −e2
∫ 1
0
dx
∫
d3p′
(2π)3i
2Nµν
(−p′2 +K)2 , (152)
where
K = −k2x(1− x)−m2, p′ = p− k(1− x), (153)
Nµν = [−m2 + x(1 − x)k2]δµν − 1
3
p′2δµν − 2kµkνx(1− x). (154)
Regulating the ultraviolet divergence by cut-off
∫ Λ
0
p′4dp′
(−p′2 +K)2i = −
3
2
arctan(
Λ
K
)K + Λ +O(
1
Λ
),
∫
d3p
(2π)3
1
(p2 +K)2
=
1
8π
1√
K
. (155)
we obtain the vacuum polarization tensor for two-component fermion
Πµν(−k2) = −e2
∫ 1
0
dx
∫
d3p′
(2π)3
2Nµν
(p′2 + k2x(1− x) +m2)2
=
−4e2
8π
(δµνk
2 − kµkν)
∫ 1
0
dx
x(1− x)√
m2 + k2x(1− x) +
e2Λ
3π2
δµν (156)
=
−e2
8π
(δµν − kµkν
k2
)[(
√
−k2 + 4m
2
√−k2 ) arctan(
√−k2
2m
) + 2m] +
e2Λ
3π2
δµν . (157)
In Minkowski space we have
Πµν(k
2) =
e2
16π
(gµν − kµkν
k2
)((
√
k2 +
4m2√
k2
) ln(
2m−
√
k2
2m+
√
k2
) + 4m)− e
2Λ
3π2
gµν . (158)
From the above expression, vacuum polarization tensor for chiral representation of fermion
is given
Πµν(p) = − 2e
2
3π2
Λgµν + Tµν
e2
8π
p2(
∫ ∞
2|m+|
da(1 + 4m2+/a
2)
p2 − a2 + iǫ +
∫ ∞
2|m−|
da(1 + 4m2−/a
2)
p2 − a2 + iǫ )
+ iǫµνρp
ρ e
2
2π
(m+
∫ ∞
2|m+|
da
p2 − a2 + iǫ −m−
∫ ∞
2|m−|
da
p2 − a2 + iǫ). (159)
129
subsectionspectral function
Here we derive the contributions of Chern-Simons term to the spectral function.For scalar
and vector part are given by trace
B(r, k)+ =
e2
16m(r · k)2 tr((r+k) · γ+m)χ+γµ(r · γ+m)γν((r+k) · γ+m))iµǫµνρ
kρ
µ2
, (160)
A(r, k)+ =
e2
16m3(r · k)2 tr(r·γ((r+k)·γ+m)χ+γµ(r·γ+m)γν((r+k)·γ+m))iµǫµνρ
kρ
µ2
, (161)
where γ matrices are 4× 4.First we evaluate B(r, k).
tr(((r + k) · γ +m)2χ+γµ(r · γ +m)γνiǫµνρ
kρ
µ
= tr([2(m2 + r · k) + k2 + 2m(r + k) · γ]χ+γµ(r · γ +m)γν)iǫµνρ
kρ
µ
= [(2(m2 + r · k) + k2)rσtr(χ+γµγσγν) + 2m2(r + k)σtr(χ+γσγµγν)]iǫµνρ
kρ
µ
. (162)
B(r, k) = −4(2(m
2 + r · k) + µ2)r · k
32m(r · k)2µ +
8m2(r · k + µ2)
32m(r · k)2µ
= − 4µr · k
32m(r · k)2 −
1
4mµ
+
8m2µ
32m(r · k)2 .
=
µ
8m(r · k) −
1
4mµ
+
µm
4(r · k)2 . (163)
Next we evaluate A(r, k)
tr(r · γ((r + k) · γ +m)χ+γµ(r · γ +m)γν((r + k) · γ +m))
= tr((r + k) · γ +m)r · γ((r + k) · γ +m)χ+γµ(r · γ +m)γν)
= tr((r + k) · γ +m)(m2 + r · k +mr · γ)χ+γµ(r · γ +m)γν)
= tr((2m(m2 + r · k) + (2m2 + r · k)r · γ + (m2 + r · k)k · γ)χ+γµ(r · γ +m)γν)
= 2m(m2 + r · k)rσtr(χ+γµγσγν) +m(2m2 + r · k)rσtr(χ+γσγµγν) +m(m2 + r · k)kσtr(χ+γσγµγν)
= 4mi(m2 + r · k)rσǫσµν − 2mi(2m2 + r · k)rσǫσµν − 2mi(m2 + r · k)kσǫσµν . (164)
A(r, k) =
1
32m3(r · k)2 tr(r · γ((r + k) · γ +m)γµ(r · γ +m)γν((r + k) · γ +m))iǫµνρ
kρ
µ
=
1
32m3(r · k)2 (−8m(m
2 + r · k)r · k
µ
+ 4m(2m2 + r · k)r · k
µ
+ 4m(m2 + r · k)µ)
= − 1
8m2µ
− µ
8(r · k)2 −
1
8µ(r · k) +
µ
8m2(r · k) . (165)
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